Let G be a group and write Perm(G) for its symmetric group. Inside Perm(G), the subgroup Hol(G) = ρ(G) ⋊ Aut(G) is the holomorph of G while its normalizer NHol(G) is the multiple holomorph of G, where ρ denotes the right regular representation of G. The quotient T (G) = NHol(G)/Hol(G) has been computed for various families of groups G and has order a power of 2 in many of the known cases. But there are exceptions. In this paper, we give a new method of constructing elements in T (G) for G = A ⋊ C d , where A is a group of finite exponent coprime to d and C d is the cyclic group of order d. As an application, we give a simple way to creating examples of G such that T (G) has elements odd order.
Introduction
Let G be a group and write Perm(G) for its symmetric group. A subgroup N of Perm(G) is said to be regular if its action on G is regular. 1 are the left and right regular representations of G. Recall that the holomorph of G is defined to be the subgroup Hol(G) = ρ(G) ⋊ Aut(G), or alternatively, it is easy to check that Norm Perm(G) (λ(G)) = Hol(G) = Norm Perm(G) (ρ(G)).
The multiple holomorph of G in turn is defined to be NHol(G) = Norm Perm(G) (Hol(G)).
We are interested in the quotient group T (G) = NHol(G)/Hol(G).
The study of T (G) was initiated by G. A. Miller [6] , and was motivated by the fact that T (G) acts regularly (via conjugation) on the regular subgroups N of Perm(G) for which N ≃ G and Norm Perm(G) (N ) = Hol(G). Let us note that π −1 always lies in NHol(G), where π −1 : G −→ G; π −1 (x) = x −1 is the inverse map. The subgroup π −1 Hol(G) has order 1 or 2, and its elements correspond to the regular subgroups λ(G), ρ(G). Clearly π −1 Hol(G) is trivial precisely when G is abelian. This corresponds to the fact that λ(G) and ρ(G) coincide exactly when G is abelian.
The structure of T (G) has been computed for various families of groups G; see [1] [2] [3] [4] [5] [6] [7] [8] . In many of the known cases T (G) turns out to have order a power of 2. It is in fact elementary 2-abelian for the following groups G.
• Finitely generated abelian groups G; see [1, 5, 6] .
• Finite dihedral or dicyclic groups G; see [4] .
• Finite perfect groups G with trivial center; see [2] .
• Finite quasisimple or almost simple groups G; see [7] .
• Finite groups G of squarefree order; see [8] .
Nevertheless, there are groups G for which T (G) has elements of odd order, as shown by A. Caranti [3] , whose result was recently extended by the author in [8] . More specifically, observe that for each ℓ ∈ N, the ℓth power map π ℓ : G −→ G; π ℓ (x) = x ℓ is bijective when G has finite exponent coprime to ℓ. In general π ℓ need not lie in NHol(G), unless ℓ ≡ ±1 (mod exp(G)). But under suitable conditions, it does lie in NHol(G), and π ℓ Hol(G) defines an element of T (G). The next result is [8, Theorem 3.1] , and the special case when n c = 2 was first proven in [3, Proposition 3.1].
Let Z(G) and γ 3 (G), respectively, denote its center and the third term in its lower central series. Let r ≥ 1 and t ≥ 0 be the integers such that exp(G/Z(G)) = p r and exp(γ 3 (G)) = p t .
Consider the subgroup of (Z/p r Z) × defined by
is a well-defined injective homomorphism. Theorem 1.1 may be used to produce examples of finite p-groups G and in particular nilpotent groups G for which T (G) has elements of odd order. As noted in [8, p. 4] , there are non-nilpotent (but solvable) groups G for which T (G) has elements of odd order. By [8, Example 3.7] , there is a group G of order 3 6 for which T (G) has order 18, but the π ℓ for ℓ coprime to 3 only give rise to a subgroup of order 2 in T (G). This means that the elements of odd order in T (G) do not always come from these power maps π ℓ .
In this paper, we give a new method of constructing elements in T (G), and as an application, give a simple way of creating non-nilpotent (but solvable) groups G for which T (G) has elements of odd order. More specifically, take G = A ⋊ C d , where A is a group and C d is the cyclic group of order d. Let d = p n 1 1 · · · p n r r , where p 1 , . . . , p r are distinct and n 1 , . . . , n r ∈ N, be the prime factorization of d. Then, alternatively, we have
where for each 1 ≤ s ≤ r, the element τ s has order p n s s , and write ψ s for the automorphism on A such that τ s aτ For x ∈ N and i ∈ N ≥0 , define
Then, as we shall see in Proposition 2.2, the map
where a ∈ A and the i 1 , . . . , i r are taken to be non-negative, is a well-defined bijection. For θ ∈ Aut(G) and for each 1 ≤ s ≤ r, clearly we may write
Let us define ǫ s = 1 if p s = 2, and ǫ s = 0 if p s is odd. We shall prove:
Let G be as in (1.1). In the above notation, if (1) A has finite exponent coprime to p 1 , . . . p r , (2) ψ s has order dividing p m s s for all 1 ≤ s ≤ r,
Conditions (1),(2),(4) are easy to check. However, in general it is not clear whether condition (3) is satisfied. In Section 4, given condition (1) , and that A is abelian and ψ 1 , . . . , ψ r lie in the center of Aut(A), we shall give a simple way of picking m 1 , . . . , m r such that all of conditions (2) -(4) hold. Taking ψ 1 , . . . ψ r to be power maps, our method allows us to easily produce examples of G for which T (G) has elements of odd order.
Finally, we remark that Theorem 1.2 does not explain why T (G) contains elements of odd order for the groups G in [8, (1.5) and Example 3.7], except for the group G with SmallGroup ID equal to (63, 1).
Preliminary modular arithmetic
In this section, let p be a prime, and fix a number
For any i ∈ N, by the binomial theorem, we have
For each t ∈ N, let p x t be the exact power of p dividing (t + 1)!. It is known that we have the explicit formula
Also, put ǫ = 1 if p = 2, and ǫ = 0 if p is odd. We shall require the following properties of S(k, i) modulo powers of p. Proof. Let p ℓ exactly divide i. For each 1 ≤ t ≤ i − 1, we have
and by (2.1), it then suffices to show that mt − x t ≥ 1. For t = 1, 2, clearly this holds, because m ≥ 2 if p = 2.
This proves the claim.
Proposition 2.2. For any n ∈ N, the map
where i is taken to be non-negative, is a well-defined bijection. Moreover:
(a) If n ≥ m, then for all i ≡ 1 (mod p n−m+ǫ ), we have
Proof. For any i, j, ℓ ∈ N ≥0 , with j ≥ i say, we have the identities
From Lemma 2.1, we then see that Ξ is well-defined and injective. Since the group Z/p n Z is finite, it follows that Ξ is in fact a bijection.
To prove (a), suppose that n ≥ m and i ≡ 1 (mod p n−m+ǫ ). Then, for each
and by (2.1), it is enough to show that m(t − 1) − x t + ǫ ≥ 0. For t = 1, 2, this is clear. For 3 ≤ t ≤ i − 1, by (2.2) we have
Here, we used the assumption that m ≥ 2 if p = 2. Thus, indeed (a) holds.
To prove (b), suppose that n ≤ 2m − ǫ. Then k ℓ ≡ 1 + ℓup m (mod p n ) by the binomial theorem, and so we have
For ℓ = 0, 1, the claim is trivial. For ℓ ≥ 1, the claim for ℓ implies that Ξ ℓ+1 (i mod p n ) = Ξ(i ℓ mod p n ) = i ℓ + i ℓ 2 up m mod p n .
But observe that
Since n ≤ 2m − ǫ, the last three terms are zero p n , and so
We have thus proven (b) by induction.
Lemma 2.3. For any n ∈ N and i ∈ N ≥0 , we have
where i, k ′ ∈ N are such that S(k, i) ≡ i (mod p n ) and kk ′ ≡ 1 (mod p n ).
Proof. Without loss of generality, we may take 1 ≤ i ≤ p n . Then, we have
Since S(k, p n ) ≡ 0 (mod p n ) by Lemma 2.1, we deduce that
But clearly k p n ≡ 1 (mod p n ) and so the claim follows.
Proof of Theorem 1.2
In this section, suppose that G is as in (1.1), and we shall use the notation defined prior to Theorem 1.2.
First claim. By definition, we have
Hol(G) = ρ(G) ⋊ Aut(G) and NHol(G) = Norm Perm(G) (Hol(G)).
Under conditions (1) -(3) in Theorem 1.2, we then deduce from Lemmas 3.1 and 3.2 below that π ∈ NHol(G), as desired. Proof of (a). Let b ∈ A. For any a ∈ A and i 1 , . . . , i r ∈ N ≥0 , we have For any a ∈ A and i 1 , . . . , i r ∈ N ≥0 , we have
For any b ∈ A and j 1 , . . . , j r ∈ N ≥0 , observe that By condition (1) , this implies that in fact
For any a ∈ A and i 1 , . . . , i r ∈ N ≥0 , observe that θ(a) ∈ A by condition (1), and so we compute that
Here, for each 1 ≤ s ≤ r, we define We then deduce that πθ = θπ, as desired.
Second claim. Observe that
π(1 G ) = π(1 G ), π(a) = a for all a ∈ A, π(τ s ) = τ s for all 1 ≤ s ≤ r.
For any ℓ ∈ N, we then deduce that π ℓ ∈ Hol(G) ⇐⇒ π ℓ ∈ Aut(G) ⇐⇒ π ℓ = Id G .
Suppose now that condition (4) in Theorem 1.2 holds. By Proposition 2.2(b), we know that explicitly
where a ∈ A and the i 1 , . . . , i r are taken to be non-negative. Hence, it follows that π ℓ ∈ Hol(G) if and only if for each 1 ≤ s ≤ r, we have · · · p n r −m r r is the smallest natural number for which π ℓ ∈ Hol(G). This proves the claim.
Construction of examples
In this section, suppose that G is as in (1.1), and we shall use the notation defined prior to Theorem 1.2. For each 1 ≤ s ≤ r, also let y s ∈ N ≥0 be such that ψ s has order p y s s . In view of Corollary 4.2, we may construct groups G of the form (1.1) and choose m 1 , . . . , m r for which all of conditions (1) -(4) in Theorem 1.2 hold, as follows.
1. Start with an abelian group A of finite exponent exp(A). 2. Find ψ 1 , . . . , ψ r in the center of Aut(A) of prime power orders p y 1 1 , . . . , p y r r , such that p 1 , . . . , p r are distinct and none of them divides exp(A). 3. For each 1 ≤ s ≤ r, find n s , m s ∈ N with n s − m s + ǫ s ≤ y s ≤ m s ≤ n s . 4. Take d = p n 1 1 · · · p n r r and define G to be as in (1.1). Then, from Corollary 4.2, we deduce that all of conditions (1) -(4) in Theorem 1.2 are satisfied. In particular, for the group G defined as in (1.1), the quotient T (G) has an element of order p n 1 −m 1 1 · · · p n r −m r r . For each ℓ ∈ N, the ℓth power map π ℓ : A −→ A; π ℓ (a) = a ℓ on A is a homomorphism when A is abelian. Hence, for any abelian group A of finite exponent exp(A), we have the subgroup {π ℓ : ℓ = 0, 1, . . . , ℓ − 1 with gcd(ℓ, exp(A)) = 1} ≃ Z exp(A)Z × lying in the center of Aut(A). By taking ψ 1 , . . . , ψ r to be these power maps in step 2, the method above then allows us to easily construct many examples of G for which T (G) has elements of odd order.
